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SUMMARY 

An analy t ica l   and   exper imenta l   inves t iga t ion  w a s  made t o  determine 
i n  a q u a l i t a t i v e  way the   na ture   o f   the   boundary  layer on the   ou t s ide   o f  a 
l i q u i d   s p h e r e   i n  a s teady,   uniform stream at high  Reynolds number.  The 
results i n d i c a t e   t h a t  t he  small per turbat ion  boundary  layers  assumed  by 
some authors  are n o t   j u s t i f i e d  when t h e   d e n s i t i e s   a n d   v i s c o s i t i e s   o f   t h e  
f lu ids   i n s ide   t he   sphe re   and   ou t s ide   o f  it are comparable. 

INTRODUCTION 

A s tudy   o f   f l u id  dynamic confinement  mechanisms may lead t o  an i m -  
p roved   eng inee r ing   capab i l i t y   fo r   r e s t r a in ing   ve ry   ho t   gases  (as i n   n u c l e a r  
and  plasma  devices)   without   the  direct   use   of   confining walls. An impor- 
t a n t   c o n s i d e r a t i o n   i n   s u c h  a study i s  t h e   r o l e   o f   v i s c o s i t y  which i s  
c r u c i a l   i n  a completely  encapsulated  flow. The motion  of a l i qu id   d rop  
i n  a sur rounding   f lu id  at rather high  Reynolds number i s  a prototype  of t h e  
f lows   of   in te res t .  Though t h e   s t a b i l i z i n g  mechanism of   sur face   t ens ion  i s  
a v a i l a b l e   o n l y   f o r  small sca le   f lows ,  knowledge  about t h e   i n n e r  and o u t e r  
boundary   l ayers   in   these  flows should   be   he lpfu l   in   the   s tudy   of  more 
in te res t ing   se l f -conta ined   f lows .  

This   report ,   then,   g ives   information  about   the  nature  of the  boundary 
l a y e r  on t h e   o u t s i d e  of a d r o p   i n  a steady,  uniform stream at l a r g e  
Reynolds number. The s u r f a c e   t e n s i o n  i s  assumed t o  be l a r g e  enough t o  
make the  drop  near ly   spherical .   Harper   and P4oore (Ref. 1) assumed t h a t  
t h e  v e l o c i t y   i n  t h e  boundary  layer on such a l iqu id   sphere  i s  given  by a 
small pe r tu rba t ion   o f   t he   i nv i sc id  flow around a sol id   sphere  such that  
the v e l o c i t y  and t a n g e n t i a l   s h e a r  at t h e  su r face  match those   o f   an   i n t e r io r  
boundary   l ayer   in   which   the   ve loc i ty  i s  a small pe r tu rba t ion   o f  Hill's 
i n v i s c i d   s p h e r i c a l   v o r t e x   s o l u t i o n .  A t yp ica l   ve loc i ty   p ro f i l e   mee t ing  
t h i s  assumption i s  shown i n   f i g u r e  1. Harper  and Moore assumed t h a t  t h i s  
small pe r tu rba t ion  scheme i s  app l i cab le  when t h e  ins ide   and   ou ts ide  
d e n s i t i e s  and v i s c o s i t i e s  are comparable,  but t h e  r e s u l t s   o f   t h i s   n o t e  
i n d i c a t e  that under   these   condi t ions   the   ve loc i ty .   defec t   ( the  maximum 
dev ia t ion  of t h e  boundary  layer   veloci ty   f rom  the  outs ide  inviscid 
v e l o c i t y  a t  t h e  s u r f a c e )  i s  O(U,),  and t h a t  a l i n e a r i z a t i o n   o f  the  bound- 
a ry   l aye r   equa t ions  made by  assuming a small pe r tu rba t ion  i s  n o t   j u s t i f i e d .  
The na ture   o f  t h e  outs ide  boundary  layer  i s  invest igated  here   by:  (1) 
examining  the small Reynolds number Stokes-Oseen  type  of  expansions  for 
the l i qu id   sphe re  at moderately  large  Reynolds  numbers; ( 2 )  experiment; 
and (3)  examining  two  terms  of a power series i n  time fo r   t he   impu l s ive  
start o f   t he   l i qu id   sphe re .  
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Figure 1. A t y p i c a l   v e l o c i t y   p r o f i l e   u s i n g   t h e  
small perturbat ion  assumption.  

STOKES-OSEEX EXPANSION  FOR L I Q U I D  SPHERE 

It i s  a fac t   (a l though  poss ib ly   due   to   co inc idence)   tha t   the   S tokes-  
Oseen expansion  of  the stream function  for  uniform  flow  around a s o l i d  
sphere at small Reynolds number ( Proudman and  Pearson (Ref. 3 )  ) gives  an 
a c c u r a t e   d e s c r i p t i o n   o f   t h e   a c t u a l  flow behind  the  sphere at Reynolds 
numbers  which are below t h a t  a t  which the   vake   vo r t i ce s   beg in   t o   shed ,  
bu t  which are s t i l l  f a i r l y   l a r g e .   S p e c i f i c a l l y ,  it a c c u r a t e l y   p r e d i c t s  
the  shape  and size of t h e  wake eddy  behind  the  sphere (Van Dyke (Ref. 7 )  
page  150).  The comparable  expansions  for  the  l iquid  sphere  given by 
Taylor  and  Acrivos  (Ref. 6 )  are s imi l a r ly   u sed   he re  at moderately  large 
Reynolds  numbers i n   t h e   e x p e c t a t i o n  that  they  w i l l  g ive a t  l e a s t   q u a l i t a -  
t i v e  information  concerning  the wake eddy, if any,   behind   the   l iqu id  
sphere.  

If we p ick   coord ina tes   and   ve loc i t ies  as shown i n   f i g u r e  2 and d e f i n e  
stream funct ions   such   tha t  
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t h e n   t h e  two term small Reynolds number outs ide   expans ion   va l id   near   the  
sphe re   fo r  Y S  and the  matching  expansion  inside  the  sphere f o r  ‘?s a r e :  

- -2 (2~r2 -mr  + 1 - - + T ) s i n % c o s e  + o ( R ~ )  Fhl 1 1  
32 R r r  

where R i s  t h e  Reynolds number based on t h e   r a d i u s  and t h e   o u t s i d e  

v i s c o s i t y ,  and a = , ! 2 = 1 + u , m = 3 + 2 a .  o u t s i d e   v i s c o s i t y  
i n s i d e   v i s c o s i t y  

Figure 2.  motation f o r  Stokes-Oseen  expansion 
f o r  a l iqu id   sphere .  

The theoqf does  predict  wake eddies  for some ranges  of R and a. 
Wake eddies   for   var ious   va lues  o f  R and u a r e  shown i n  f i gu re  3. Stream- 
l i n e s   o u t s i d e  and i n s i d e   t h e   s p h e r e   f o r  R = 100 and u = 1.0 a r e  shown i n  
f i g u r e s  4 and 5 r e spec t ive ly .  

For a f ixed  Reynolds number the  detached wake eddy of t h e   l i q u i d  . 

sphere  goes  smoothly  into  the  attached wake eddy  of t he   so l id   sphe re  as 
u + 0. Since  the  theory  gives   an  accurate   picture   for  u = 0,  t h e r e  i s  
some r e a s o n   t o  hope t h a t  t h e r e  i s  a range  of u f o r  which it gives  at 
least q u a l i t a t i v e  agreement with r e a l i t y .  
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Figure 3. Sketch  of wake eddies  from 
Stokes-Oseen  theory. 

For   the  range  of  o f o r  which a wake eddy  can e x i s t   t h e  small 
per turbat ion  boundary  layer   cannot   be a good approximation  s ince  the 
inviscid  f low  around a sphere i s  then   no t   an   appropr i a t e   desc r ip t ion  
of   the   ou ter   f low.   Fur ther ,   the   p resence   o f   the  wake  eddy  implies 
separa t ion   of   the   boundary   l ayer ,   and   there  i s  no  mechanism tha t  would 
cause   the   separa t ion   of  a small per turba t ion   boundary   l ayer   except   in  
t h e   v i c i n i t y   o f  t h e  rear s tagnat ion   po in t .  

Two o t h e r   i n t e r e s t i n g   f e a t u r e s   p r e d i c t e d  by t h i s   t h e o r y  are t h e  
forward  displacement  of  the  center '   of  motion  of t h e  ins ide   f low shown 
i n  figure 5 ,  and the   absence   o f   reverse   eddies  on t h e   i n s i d e   o f   t h e  
sphere.   Both  of  these features were confirmed  by  the  experiment  below, 
and the  former has been  noted in  Satapathy  and  Smith (Ref. 4 ) ,  Magarvey 
and Kalejs (Ref. 2 )  and  others .  

,"----- Y S  = 2.0 

1.0 

0.1 

4 

Figure 4 .  Ske tch   o f   the   ou ts ide   s t reaml ines   g iven  
by  Stokes-Oseen theo ry .  R = 100, (5 = 1. 



u- f 
Figure 5. Ske tch   of   the   ins ide   s t reaml ines   g iven  

by  Stokes-Oseen  theory. R = 100, 0 = 1. 

EXPERIMENT 

A simple  experiment w a s  made t o  show t h e  wake eddies  and t h e  
in t e rna l   c i r cu la t ion   o f   d rops .  Drops  of  various  l iquids were formed 
a t  the  bottom  of a g l a s s   c y l i n d e r   f i l l e d  w i t h  a f i e l d  so lu t ion   o f  
g lyce r in  and water.  The s i z e   o f  t he  drops was adjusted so  t h a t  they 
rose  at var ious Reyriolds  numbers  below t h a t  a t  which they  would fol low 
a he l i ca l   pa th .  The lower half of t h e  f i e l d   s o l u t i o n  was dyed. A s  a 
d rop   ro se   i n  t h e  dyed  soiut ion,  i t s  wake eddy  entrapped  dyed  fluid.  Since 
t h e  wake eddy i s  a c losed ,   c i r cu la t ing   r eg ion ,  it remained  dyed,  and t h u s  was 
vis ib le ,  as the   d rop  traversed t h e   c l e a r  f i e l d  f l u i d .   C i r c u l a t i o n   i n s i d e  
t h e  drop i tself  was observed  by  introducing a t h i n  mist of water d r o p l e t s  
i n to   t he   d rop   f l u id .   The re  was no  flow  inside  drops  which  were s m a l l  
enough t o  be approximately  spherical   because t h e  gradien t   in   sur face  
tension  caused by surface  act ive  contaminants  was s t rong enough t o  over- 
come the  shear ing  force  of   the   outs ide  f low.   Because of t h i s  it was 
necessa ry   t o   u se   f a i r ly   ob la t e   d rops .   These   d rops  were l a r g e  enough t o  
have v igorous   in te rna l   c i rcu la t ion ,   bu t  t h e i r  shape w a s  a q u a n t i t a t i v e l y  
unknown fac tor   in f luenc ing  t h e  c h a r a c t e r   o f   t h e i r  wake. 

The experiment  demonstrated  that   for a l a rge   r ange   o f   v i scos i ty  
r a t i o s   t h e   o b l a t e   d r o p s  had a wake eddy  and a v igo rous   c i r cu la t ion   i n s ide  
the  drop  which  contained  no reverse eddies .  The absence  of   reverse  
eddies   within the  drop   tended   to   suppor t  t h e  ex i s t ence   o f  a separat ion 
d i s t a n c e  between the   d rop  and  its. wake eddy  although  no  separation  could 
be distinguished  (perhaps  because  of three dimensional   effects   and 
because   the   separa t ion   reg ion  i s  almost  stagnant  and would i tself  hold 
t h e  dye f o r  a long  period  of t ime).  In  a gene ra l  way the  experiment 
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tended t o  conf i rm  the   p ic ture   g iven  by t h e  Stokes-Oseen  expansion. A 
point  of  disagreement w a s  t h a t   t h e  Stokes-Oseen  expansion  predicts  that  
above u % 0.6 no wake eddy will occur  for  any  Reynolds  number, but wake 
eddies  were observed   behind   v igorous ly   c i rcu la t ing   ob la te   d rops  when 
u % 20. Possibly  shape i s  a s t o n g e r   i n f l u e n c e   i n   t r i g g e r i n g   s e p a r a t i o n  
than  i s  i n t e r n a l   c i r c u l a t i o n   i n   p r e v e n t i n g  it. 

IMPULSIVE  START OF A LIQUID SPKERE 

By appealing t o   i n f i n i t e   s u r f a c e   t e n s i o n  one  can  conceive  of  the 
impulsive start of  a l iquid  sphere.   Al though t h e  impulsive start problem 
for   such a body does  not  have  any  physical   counterpart ,  i t s  so lu t ion   can  
s t i l l  show the   k inemat i c   e f f ec t   o f  t he  l iquid  sphere  boundary  conditions 
on the   ex te rna l   f l ow.  (These boundary  conditions are con t inu i ty   o f  
ve loc i ty   and   t angen t i a l   shea r  a t  t h e   s p h e r e   s u r f a c e ) .  If, for  example,  
t he   so lu t ion   o f   t he   impu l s ive  start problem f o r  small time shows a 
detached wake eddy, t h i s  i s  a qua l i t a t ive   conf i rma t ion  of t h e   p i c t u r e  
given at moderate  Reynolds number by t h e  small Reynolds number Stokes- 
Oseen expansion  and  fur ther   supports   the  argument   against   the   appl icabi l i ty  
o f   t h e  small per turbat ion  boundary  layer   approximation  for  a c e r t a i n  
range  of a. 

We consider the  f l o w   f i e l d   f o r  small time and l a r g e  Reynolds number 
around  and i n  a l iqu id   sphere   acce le ra ted   impuls ive ly  at t = 0 from rest 
t o  a uni form  ve loc i ty  U,. A t  t = O+ t h e   i n v i s c i d   f l o w   o u t s i d e  t h e  sphere 
w i l l  be   the  s teady  potent ia l   f low  around a s o l i d   s p h e r e   i n  a uniform 
stream. What flow will be gene ra t ed   ove r   t he   i n t e r io r   o f  t h e  sphere at 
t = O+ due t o   t h e   i m p u l s i v e   a c c e l e r a t i o n ?  A s  soon as t h e  motion  begins, 
t h e   f l o w   i n   t h e   i n t e r i o r ,   e x c e p t   r i g h t  at t h e   s u r f a c e ,  must  be i r r o t a t i o n a l  
because it w a s  i r ro t a t iona l   be fo re   t he   impu l se ,   and   t he   on ly   sou rce   o f  
v o r t i c i t y  i s  the   sphere   sur face .  Thus t h e   i n s i d e   f l o w   f i e l d  i s  desc r ibab le  
by a p o t e n t i a l ,  9 , and s i n c e  V$I ( s u r f a c e  normal v e c t o r )  = 0 everywhere 
on the   sphe re   su r f ace ,  9 = 0 everywhere  inside a t  t = O+. 

Using the   su r f ace   coord ina te s  and t h e   v e l o c i t i e s  shown i n   f i g u r e  6 ,  
and def ining  dimensional   s t ream  funct ions Y '  and  such  that  
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t h e  boundary  layer   equat ions  in  terms of  t he  stream funct ions  (Schl ich-  
t i n g  ( R e f .  5 )  page 185) are: 



- " P ' x '  + V Y '  
1 

Y'Y'Y' 

where t h e   s u b s c r i p t s   i n d i c a t e   d i f f e r e n t i a t i o n ,  the  primes mean dimensional 
q u a n t i t i e s  and t h e  A symbol i s  used   fo r   quan t i t i e s   i n s ide   t he   sphe re .  

F i w e  6. Notat ion  for   the  impulsive 
start of  a l i qu id   sphe re .  

Using  these  gradients  and  the  non-dimensional variables l i s t ed  i n  
(111, these   equat ions  become: 



Y - Y  = r [ Y  Y 
t Y  YYY x y y + s i n x ' y y y  y x y  4 

cosx - Y Y + - sinxcosx] 9 .  

1 *  = T[G i + s i n x ' Y n  cosx * * 
Gty - zyyy x YY - $ $  Y XY J 

t '  X '  
P' to 

Y =  , ~ = - , , ~ - -  a P aUm 
0 

= $ , p = -  P , u = o u t s i d e   v i s c o s i t y ,  a = - V U  

11 6 '  fi 

p '  = ou t s ide   dens i ty ,  v = , to = a n   a r t i f i c i a l  time 
P 

The boundary  conditions t o   b e   s a t i s f i e d  by  these  equat ions are t h e  
con t inu i ty   o f   t angen t i a l   shea r   and   ve loc i ty  at t h e   i n t e r f a c e  and t h e  
ma tch ing   o f   t angen t i a l   ve loc i ty   t o   t he   app ropr i a t e   i nv i sc id   ve loc i ty  a t  
the  ou te r  edge of e a c h   b o u n d a r y   l a y e r .   I n i t i a l l y ,   i n   t h e   o u t s i d e  

boundary  layer Y = sinx, and i n   t h e   i n s i d e  boundary  layer 9 = 0. 3 
Y 2  Y 

In   o rde r   t o   so lve - the   boundary   l aye r   equa t ions ,  w e  assume power 
s e r i e s   i n  T f o r  Y and Y :  

Th equat ions ,   in i t ia l   condi t ions   and   boundary   condi t ions   for  Y ( O )  
and ~ ( 0 7  are : 
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where the   cu rva tu re  terms i n   t h e   t a n g e n t i a l   s h e a r   c o n d i t i o n  have  been 
neglected  consis tent   with  the  assumption of small time and large  Reynolds 
number. 

The s o l u t i o n s ,  which are  easi ly   obtained  using  Laplace  t ransforms,  
axe : 

he e q u a t i o n s ,   i n i t i a l   c o n d i t i o n s  and  boundary  conditions for Y (1 1 
and Y a r e  : 

F 9 sinxcosx = gcosxsinxF(n) 
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To so lve   t hese  assume t h a t :  

so t h a t  ( 1 9 )  and (20 )  reduce  to:  

where 

The s o l u t i o n s   f o r  f ' ( n )  and g'(:) are: 
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1 4 - - er fc2q  + y 2 e r f c n  - 2 3T +e-n2erfcn 

S t reaml ines   for  t h e  case p = 0.1 and t '  = .75 - a re   ske t ched  i n  a 
U, 

figure 7. The detached wake eddy predicted by t h e  s m a l l  Reynolds number 
theory is present .  However, it i s  obvious fl-om expression (30) f o r   t h e  
t a n g e n t i a l   v e l o c i t y  a t  the   su r f ace  

t h a t  i f  on ly   t he  f irst  two terms of the   s e r i e s   a r e   cons ide red ,   t he re  w i l l  
be a time when the  eddy a t t a c h e s   t o   t h e   s p h e r e ,  and  subsequently a reverse  
eddy  forms in s ide   t he   sphe re .  Using these first two terms  of  the series, 
the   t ime  that they  predict   reverse   f low w i l l  start a t   t he   su r f ace   nea r  
the  rear s tagnat ion   po in t  i s  

Thus .846 U, c t f R  < 03, where t h e  lower l i m i t  corresponds t o  a very a 

viscous  sphere.  Consider a time less than .846 l a r g e  enough so 
" 
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t h a t  a wake eddy  has  formed at some p,  and l e t  p -f 0 ( and  hence u + 0) .  
The wake eddy w i l l  move c l o s e r  t o  t h e   s p h e r e   u n t i l  a t  p = 0 it a t t a c h e s  

t o  the  sphere.   Consider a time (greater than  .846 ") at which t h e  wake 
eddy h a s   j u s t   a t t a c h e d   t o   t h e   s p h e r e  at some p # O.', Then, f o r   l a r g e r  p 
t h e  wake eddy is  detached and for smaller  p t h e r e  i s  a reverse eddy 
i n s i d e   t h e   s p h e r e  which  must disappear   again as p -f 0. Th i s   i n s ide  
r eve r se  eddy  does  not  appear i n   t h e  small Reynolds number expansion,  nor 
has it been  observed in   experiments .   Possibly i t s  appearance  in  the small 
time expansion i s  a r e s u l t   o f   t h a t   s e r i e s   n o t   c o n v e r g i n g   r a p i d l y  enough 
when 'I 2, 1 f o r   t h e  first two terms t o   g i v e  even a q u a l i t a t i v e l y   c o r r e c t  
p i c t u r e  of t h e  flow. 

Figure 7. Streamlines   for   impulsive start of a l i q u i d  

sphere. t ' = .75 u,, p = 0.1. (Radial  a 

s c a l e   o u t s i d e  of drop i s  magnified.)  

S ince   t he   i nv i sc id   ve loc i ty  at the   ou ts ide   edge  of t h e  boundary 

l a y e r  i s  s i n x ,   t h e   v e l o c i t y   d e f e c t   i n   t h e   o u t s i d e  boundary  layer at 

small times 'L sinx - a i n x  = ( 1 - p ) s i n x .  A s  time i n c r e a s e s ,   t h i s  

de fec t   i nc reases  on t h e  back  henisphere so t h a t  we can   say   the   ve loc i ty  
de fec t   p red ic t ed  by t h i s   t h e o r y  i s  at  least O(1-p).  Thus,  the small 
perturbation  assumption  cannot be v a l i d ,   a c c o r d i n g   t o   t h i s   t h e o r y ,   u n l e s s  
p % 1, which means tha t   the   p roduct  up i s  l a r g e   ( t h e   o u t s i d e   v i s c o s i t y   o r  
dens i ty  i s  much l a r g e r   t h a n  tha t  on t h e   i n s i d e ) .  

3 
2 3 3 

2 2 2 
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CONCLUSION 

The three desc r ip t ions  above  of the  nature   of   the   outs ide  boundary 
l a y e r  on a l iqu id   sphe re  at moderate  Reynolds  numbers a l l  s a y   t h a t  
t h e r e  i s  a range of v i s c o s i t y   r a t i o   f o r  which the  assumption  of a s m a l l  
per turbat ion  boundary  layer  i s  n o t   r e a l i s t i c .  The  Stokes-Oseen  expan- 
s ion ,  when appl ied at moderate  Reynolds numbers, i n d i c a t e s   t h a t   t h e  
assumption is not good when u O(1) ( i n s i d e   v i s c o s i t y  4 outs ide  
v i s c o s i t y ) .  The experiment   indicated  that  it is  not good for   any 
l i qu id   sys t em  in  which the   d rop  is f a i r l y   o b l a t e .  The two terms  of   the 
series so lu t ion   of   the   impuls ive  start problem  indicate   that  the small 
per turbat ion  boundary  layer   can  only be app l i cab le ,  i f  at all, when 
p 5 1: t h a t  i s ,  when i n s i d e   v i s c o s i t y  << outside  viscosi ty .   Consider ing 
a l l  th ree   desc r ip t ions   t oge the r ,  it seems l i k e l y   t h a t   t h e   l i q u i d   s p h e r e  
has a normal  kind  of  boundary  layer  on  the  outside when u L O ( 1 ) .  

Present  work i s  directed  toward  obtaining a descr ip t ion   of   the   in -  
s ide  boundary  layer  by impulsively  turning on v i s c o s i t y   i n s i d e  and out- 
s ide   o f  a Hill's v o r t e x   o f   a r b i t r a r y   s t r e n g t h   r e l a t i v e   t o  a s teady,  
uniform  flow on the outs ide .  It i s  hoped t h a t   t h e   s o l u t i o n   t o   t h i s  prob- 
lem w i l l  i n d i c a t e  what s t r e n g t h   t h e  Hill's vor tex  must  have i n  t he   s t eady  
case ,  and t h a t  it w i l l  also show any pecul ia r i t i es   o f   the   boundary   l ayer  
nea r   t he  rear of  the  sphere  where,  presumably, it must separa te  and move 
forward  a long  the  sphere  axis  as a wake. 

13 
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APPENDIX - SYMBOLS 

P 

P' 

@' 

R 

r 

t 

t '  

U 

.. 
U 

U 
S 

U 
-S 

U' 

ii' 

V 

sphere  radius  

property  parameter,  1 + u 

property  parameter,  3 + 2u 

property  parameter,  2% 
dimensionless   outs ide  pressure,  P'tn 

PaUw 

out   s ide  pressure 

ins ide   p ressure  

'ma 
Reynolds  number, - 

r a d i a l   d i s t a n c e  

dimensionless  t ime, - t '  

a r t i f i c i a l  time 

V 

to  

time 

d imens ionless   ou ts ide   ve loc i ty   ( tangent ia l ) ,  - U '  

Um 

dimensionless i n s ide  tangent ia l .   ve loc i ty ,  2 urn 

dimens ionless   ou ts ide   t engent ia l   ve loc i ty ,  - US ' 
urn 

,.s ' 
dimens ionless   ins ide   t angent ia l   ve loc i ty ,  u- u, 
ou t s ide   t angen t i a l   ve loc i ty  

i n s i d e   t a n g e n t i a l   v e l o c i t y  

f r e e  stream v e l o c i t y  

ou t s ide   i nv i sc id   ve loc i ty  a t  sphere  surface 

i n s i d e   i n v i s c i d   v e l o c i t y  at sphere  surface 

dimensionless  outside  normal  velocity,  - a2v 1 

v t  ouw 

" . 
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dimensionless   inside  normal   veloci ty ,  ~ 

a'+ 1 

'tourn 

v' ou t s ide  normal v e l o c i t y  

G' i n s i d e  normal v e l o c i t y  

V 
S 

V 
-S 

X 

X '  

Y 

Y '  

a 

n 

,. n 

e 

P 

A 

P 

V 

,. 
V 

P 

P '  

6 '  

0 

T 

S' 
dimensionless   outs ide  normal   veloci ty ,  -- V 

Urn 
AS ' 

dimensionless   inside  normal   veloci ty ,  -- 
V 

Urn 

d imens ionless   t angent ia l   coord ina te  a t  sphere   sur face ,  x' 
t angent ia l   coord ina te  at sphere   sur face  

a 

" 1 

dimensionless  normal  coordinate at su r face ,  &= 
Jvt 

normal  coordinate a t  su r face  

property  parameter,  & 
6- 

Y 
o u t s i d e   s i m i l a r i t y   c o o r d i n a t e  , - 

2&- 

i n s i d e   s i m i l a r i t y   c o o r d i n a t e  , - cry 
2 6  

angle   between  radial   coordinate   and  axis   of  symmetry i n  r ad ians  
( s e e   f i g u r e s  2 and 6 )  

o u t s i d e   v i s c o s i t y  

i n s i d e   v i s c o s i t y  

outs ide   k inemat ic   v i scos i ty  

in s ide   k inemat i c   v i scos i ty  

r a t i o   o f   d e n s i t i e s ,  - 

o u t s i d e   d e n s i t y  

P '  
6 '  

i n s i d e   d e n s i t y  

v i s c o s i t y   r a t i o ,  T 
P 
P T T  L 

U b  

dimensionless  t ime  parameter,  - - 0  
a 
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$ potent ial function 

Y dimensionless  outside  stream  function, ~- 

i dimensionless  inside  stream  function, 

Y '  
UW& 

Uw& 

0. 

Y '  

Y '  outside stream  function, /y'u'dy' 
0 

Y' 4' inside  stream  function, u'dy' 
0 
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